We present results on the radiative lifetimes of excitons and trions in a monolayer of metal dichalcogenide MoS2. The small exciton radius and the large exciton optical oscillator strength result in radiative lifetimes in the 0.2-0.3 ps range for excitons that have small in-plane momentum and which couple to radiation. Average lifetimes of thermally distributed excitons depend linearly on the exciton temperature and can be in the few picoseconds range at small temperatures and more than a thousand picoseconds near room temperature. Localized excitons exhibit lifetimes in the same range and the lifetime increases as the localization length decreases. The radiative lifetimes of trions are in the hundreds of picosecond range and increase with the increase in the trion momentum. Average lifetimes of thermally distributed trions increase with the trion temperature as the trions acquire thermal energy and larger momenta.
I. INTRODUCTION
The unique electrical and optical properties of Two dimensional (2D) metal dichalcogenides have made them interesting for a variety of different applications [1] [2] [3] [4] [5] [6] [7] . Particularly distinguishing features of 2D metal dichalcogenides are the large exciton and trion binding energies in these materials. The exciton and trion binding energies in 2D chalcogenides are almost an order of magnitude larger compared to other bulk semiconductors 1, 3, 4, 8, 10, 11 . The large exciton and trion binding energies imply that many body interactions play an important role in determining the optical properties of these materials. For most optoelectronic applications, knowing the radiative lifetimes of elementary excitations is critical. Excitons and trions in metal dichalcogenides have small radii and, therefore, large oscillator strengths and, consequently, one expects their radiative lifetimes to be particularly short.
In recent work 8 , we quantitatively determined the oscillator strengths of excitons and trions in monolayer metal dichalcogenide MoS 2 from the optical absorption spectra. Our work showed that the traditional WannierMott exciton model 9 , with a few modifications, is able to describe the excitons and trions fairly well in 2D dichalcogenides. The modifications involve using accurate bandstructures of conduction and valence bands for large wavevectors, incorporating phase space blocking due to Pauli exclusion in doped samples, and using a wavevector dependent dielectric constant that takes into account the finite thickness of dichalcogenide monolayers. Accurate bandstructures are required for large wavevectors because exciton and trion radii in dichalcogenides are of the order of 7-10Å and, therefore, the exciton and trion relative wavefunctions in the wavevector (or momentum) space spread out to large wavevectors. The small exciton and trion radii also imply that just the bandedge optical matrix elements cannot be used to obtain accurate exciton and trion optical optical oscillator strengths, and matrix elements for large wavevectors are required. The applicability of the Wannier-Mott model for excitons in dichalcogenides was also found recently by Chernikov et al. 11 . In this paper we report the radiative lifetimes of excitons and trions using the theoretical tools developed earlier 8 . Our results show that the small exciton radius and the large exciton optical oscillator strength in MoS 2 monolayers result in radiative lifetimes in the 0.2-0.3 ps range for small in-plane momentum excitons. These lifetimes are almost two orders of magnitude shorter than of 2D excitons in III-V semiconductor quantum wells 16 . Average exciton lifetimes in a thermal ensemble depend linearly on the exciton temperature, as is expected for excitons in 2D 16 . Localized excitons exhibit lifetimes that increase with the decrease in the localization length L c as ∼L
−2
c . In the case of trions we find that the radiative lifetimes of trions are in the hundreds of picosecond range and increase with the increase in the trion momentum. Average lifetimes of thermally distributed trions increase with the trion temperature as the trions acquire thermal energy and larger momenta. We also find that in highly doping samples at low temperatures the average trion lifetimes can become very long because the carrier (electron or hole) that is left behind when a trion recombines has difficulty finding an unoccupied state in the band. Our results also show that in many commonly encountered experimental situations the ensemble averaged radiative lifetimes of thermally distributed excitons and trions can be comparable.
Although the discussion in this paper focuses on MoS 2 monolayers, the analysis and the results presented here are expected to be relevant to all 2D metal dichalcogenides, and are expected to be useful in designing metal dichalcogenide optoelectronic devices as well as in helping to understand and interpret experimental data [18] [19] [20] .
II. ENERGY BANDS IN MOS2
The valence band maxima and conduction band minima in a MoS 2 monolayer occur at the K and K ′ points in the Brillouin zone. Calculations based on first prin-ciples have shown that near the band extrema most of the weight in the Bloch states resides on the d-orbitals of M atoms 10, [12] [13] [14] [15] . Assuming only d-orbitals for the conduction and valence band states, and including spinorbit coupling, one obtains the following simple spindependent tight-binding Hamiltonian (in matrix form) near the K(K ′ ) points 14 ,
∆ is related to the material bandgap, σ = ±1 stands for the electron spin, τ = ±1 stands for the K and K ′ valleys, 2λ is the splitting of the valence band due to spin-orbit coupling, k ± = τ k x ± ik y , and the velocity parameter v is related to the coupling between the orbitals on neighboring M atoms. From density functional theories 12, 15 , v ≈ 5 − 6 × 10 5 m/s. The wavevectors are measured from the K(K ′ ) points. The momentum matrix element between the conduction and valence band states near K(K ′ ) points follows from the above Hamiltonian,
Here, m o is the free electron mass. The Hamiltonian and the optical (momentum) matrix element given above are accurate only near the band edges. Later in this paper, we will need to modify the Hamiltonian and obtain results that are accurate for large wavevectors.
III. PHOTON EMISSION BY EXCITONS

A. Exciton States
We assume that the ground state |ψ o of the semiconductor consists of a completely filled valence band and a conduction band with an electron density n e distributed according to the Fermi-Dirac distribution f c ( k). The ground state thus belongs to a thermal ensemble. Without losing generality, we restrict ourselves to the valley τ = 1 where the top most valence band is occupied by spin-up (σ = 1) electrons. MoS 2 can have both bright and dark excitons. Dark excitons, in which the spins of the electron and the hole are the same or in which the electron and the hole belong to different valleys, will not couple directly to radiation. We assume an initial state |ψ ex ( Q) consisting of a bright exciton with in-plane momentum Q 8 ,
The exciton wavefunction in the relative coordinates is φ( k). The electron and hole effective masses are m e and m h , respectively. The exciton mass is m ex = m e + m h and the reduced electron-hole mass is m r . In the above Equation, c k,↑ and b k,↑ are the destruction operators for the spin-up conduction and valence band states, respectively, with momentum k. A is the area of the monolayer.
The normalization factor N ex ( k) equals 1 − f c ( k). We will assume that f c ( k ± (m e /m ex ) Q) ≈ f c ( k) since excitons with relatively small momentum Q are expected to emit radiation. The exciton state is normalized such that ψ ex ( Q)|ψ ex ( Q) th = 1, where the curly brackets represent averaging with respect to the thermal ensemble. This normalization gives,
The exciton wavefunction satisfies a Hermitian eigenvalue equation 8 with an eigenvalue E ex ( Q) given by,
where, E g is the material bandgap, E exb is the exciton binding energy, and the energy E ex ( Q) is measured with respect to the energy of the ground state |ψ o . Both the exciton binding energy and the exciton radius depend on the sample doping 8 .
B. Hamiltonian for Interaction with Photons
We assume a suspended MoS 2 monolayer located in the plane z = 0. A quantum description of the radiation field is required for calculating spontaneous emission rates. We assume that the quantized radiation field is 9 ,
Here,n j for j = 1, 2 are the field polarization vectors, ω q is the frequency, and a j ( q) is the field destruction operator. The interaction between the spin-up electrons in the valley τ = 1 and photons is given by the timedependent Hamiltonian,
where,
and
We have broken the field mode wavevector q in components in the plane, q , and perpendicular to the plane, q zẑ , of the MoS 2 monolayer. Excitons in MoS 2 monolayer emit circularly polarized photons in direction perpendicular to the plane of the monolayer. In other directions the photons emitted are in general elliptically polarized. Therefore, it is convenient to choose linearly polarized field modes.
C. Radiative Lifetime of Excitons
We assume that the initial state is as given in (3). The final state consists of no exciton and one photon spontaneously emitted with momentum − q. Using Fermi's golden rule, summing over all possible final states, and assuming a finite broadening, we get for the spontaneous emission lifetime of an exciton,
The matrix element involving H − j ( q) will be zero unless q = Q, due to in-plane momentum conservation. The final result can be written as,
Here, η o is the free-space impedance, c is the speed of light, and the function χ ex ( r) is given as 8 ,
Any unit vector, other thanx, can be used in the expression above and the angle-averaged momentum matrix element will not depend on the specific choice. χ ex ( r = 0) incorporates the reduction in the exciton oscillator strength due to Pauli-blocking and band-filling effects 8 . Equation (9) shows that only excitons with momentum Q that satisfies,h
radiate efficiently, as expected for excitons in 2D 17 . This implies that excitons in MoS 2 with kinetic energy greater than approximately (E g − E exb ) 2 /(2m ex c 2 ) = 3.5 µeV will not radiate efficiently unless assisted by phonons or impurities to provide in-plane momentum conservation. Since the exciton radius in MoS 2 is small, in the 7-10Å range 8 , accurate energy band dispersions and momentum matrix elements are needed for large wavevectors (at least a few nm −1 ) in order to accurately describe exciton oscillator strengths 8 . Following Zhang et al. 8 , we use the Lowdin approximation to a 4-band model proposed by Kormanyos et al. 15 . This procedure adds the following matrix to the Hamiltonian given earlier in (1),
The values of the parameters α, β, κ and η that best fit density functional theory (DFT) results are 1.72 eVÅ 2 , -0.13 eVÅ 2 , -1.02 eVÅ 2 , and 8.52 eVÅ 3 , respectively 15 . The resulting angle-averaged wavevector-dependent interband momentum matrix elements were given by Zhang et al. 8 . In numerical calculations, we first computed exciton wavefunctions and radii as a function of the doping (as described by Zhang et al. 8 ), and then used the wavevector-dependent momentum matrix elements to obtain the exciton radiative lifetimes. Figure 1 tor 1 − f c ( k) in Equation (11), reduces the exciton oscillator strength when the doping increases. However, the exciton radius also decreases when the doping increases, as shown by Zhang et al. 8 . The combined effect is that the exciton oscillator strength and the radiative lifetime do not change drastically with doping. In most experimental situations, the radiative lifetime of an ensemble of excitons is measured. An ensemble can be created in different ways and could include both bright and dark excitons. We assume a thermal ensemble of only bright excitons. Figure 2 shows the average radiative lifetime of thermally distributed excitons for different doping densities n e (n-doped sample) as a function of the carrier temperature (assumed to be the same for excitons and unbound electrons). The exciton density is assumed to be 10 10 1/cm 2 . The average lifetime increases linearly with the temperature and is largely independent of the exciton density (as long as the temperature is large enough, and the exciton density is small enough, to not allow BoseEinstein condensation of excitons). The average exciton radiative lifetime τ sp is related to the zero-momentum lifetime τ sp ( Q = 0) by,
where, E o , given approximately by (E g − E exb ) 2 /2m ex c 2 , is the kinetic energy of the largest in-plane momentum exciton that can radiate.
IV. PHOTON EMISSION BY TRIONS A. Singlet Trion States
A trion is formed when a photoexcited electron-hole pair binds with an electron (or a hole) to form a negatively (or a positively) charged complex. A trion state can be bright or dark and can be a spin singlet or a triplet. In this paper we consider only bright singlet trions 8 . Without losing generality, we restrict ourselves to negatively charged trions (relevant to n-doped samples). We also restrict ourselves to the case τ = 1 where the top most valence band is occupied by spin-up (σ = 1) electrons. We define the trion mass as m tr = 2m e + m h . As before, we assume that the ground state |ψ o of the semiconductor consists of a completely filled valence band and a conduction band with an electron density n e distributed according to the Fermi-Dirac distribution. A bright singlet trion state with momentum Q can be constructed from the ground state as follows,
Here, the line under a vector, k, stands for k + (m e /m tr ) Q. The trion wavefunction φ( k 1 , k 2 , Q) is symmetric in its first two arguments. The normalization factor N tr ( k 1 , k 2 , Q) equals,
The trion wavefunction is normalized such that ψ tr ( Q)|ψ tr ( Q) th = 1, where the curly brackets represent averaging with respect to the thermal ensemble. This normalization gives,
The trion wavefunction satisfies a Hermitian eigenvalue equation with the eigenvalue E tr ( Q) given by 8 ,
where E trb is the trion binding energy and the energy and E tr ( Q) is measured with respect to the energy of the ground state |ψ o .
B. Radiative Lifetime of Trions
The interaction Hamiltonian given in Section III B can be used for trions as well. We assume that the initial state is as given in (15) . The final state consists of no trion, one photon spontaneously emitted with momentum − q, and an electron left in the conduction band that carries the momentum Q + q . Using Fermi's golden rule, summing over all possible final states, and assuming a finite broadening, we get for the spontaneous emission lifetime of a trion,
where, (20) Again note that any unit vector, other thanx, can be used in the expression above and the angle-averaged momentum matrix element will not depend on the specific choice. χ tr ( r 1 , r 2 , Q) incorporates the reduction in the trion oscillator strength due to Pauli-blocking and bandfilling effects 8 . In calculations, we first computed trion wavefunctions and radii as a function of the doping (as described by Zhang et al. 8 ), and then used the wavevector dependent momentum matrix elements to obtain the trion radiative lifetimes. Figure 3 shows the radiative lifetime of trions as a function of the in-plane trion kinetic energyhQ 2 /2m tr for different doping densities (10 11 , 10 12 and 5 × 10 12 1/cm 2 ), and two different electron temperatures, 5 K and 300 K. The trion lifetime increases with the trion kinetic energy because the squared matrix element involving χ tr in (19) decreases with the increase in the magnitude of Q. The longer trion lifetime seen for small trion kinetic energies at low temperatures and large doping densities is due to the fact that the phase space for the electron, which got left behind in the conduction band when the trion recombined, is either not available or is much reduced near the conduction band edge because of Pauli-blocking. Figure 4 shows the average radiative lifetime of thermally distributed trions for different doping densities n e (n-doped sample) as a function of the carrier temperature (assumed to be the same for trions and unbound electrons). The trion density n tr is assumed to be 10 10 1/cm 2 and consists of only bright singlet trions. As the temperature increases from zero, the average trion lifetime first decreases, reaches a minimum value, and then increases. The initial decrease in the lifetime with the temperature occurs because the phase space for the left-behind electon near the conduction band bottom opens up as the temperature increases and the electron density (from the doping) shifts to higher energies. In lightly doped samples this initial decrease occurs at very small temperatures and might not be observable in experiments. As the temperature increases further, the trions acquire more thermal energy and their distribution spreads to higher energies. Since trions with large kinetic energies have longer lifetimes (as shown in Figure  3 ), the average trion lifetime increases with the temperature. The increase in the average trion lifetime with the temperature is consistent with the experimental results for trions in III-V semiconductor quantum wells 24 .
V. EFFECTS OF LOCALIZATION A. Radiative Lifetime of Localized Excitons
Since radiative rates of excitons are limited by momentum conservation requirements, localization can enhance or reduce radiative rates of excitons by broadening the distribution of the center of mass momenta of the exciton states 17 . Following Citrin et al. 17 , we consider excitons localized in space in regions of size L c . We assume that the exciton wavefunction for the center of mass coordinate in real and Fourier spaces is,
(21) A localized exciton state can be constructed from the ground state |ψ o using a superpositon of exciton states of different momenta, The average radiative lifetime of thermally distributed trions is shown for different doping densities ne (ndoped sample) as a function of the carrier temperature (assumed to be the same for trions and unbound electrons). The trion density ntr is assumed to be 10 10 1/cm 2 . As the temperature increases from zero, the average trion lifetime first decreases, reaches a minimum value, and then increases.
Assuming that the kinetic energy associated with the center of mass coordinate is E com , the energy of the exciton relative to the ground state |ψ o is,
We have defined Q o as the momentum of a photon of energy equal to the exciton energy. Q o is also approximately the largest momentum of a free exciton that can radiate. As discussed below, the product Q o L c will govern the exciton radiative lifetime. Ignoring, for simplicity, the Q dependence of the function χ ex ( r) that could come about from Pauli-blocking, the spontaneous emission lifetime of the localized exciton is, Figure 5 shows the radiative lifetime of a localized exciton in a suspended MoS 2 monolayer as a function of the localization length L c . When L c << Q
o , the exciton wavefunction spread in momentum space is larger than Q o and the exciton does not radiate efficiently. In this regime, the exciton lifetime increases with the decrease in the localization length as, o , the exciton wavefunction in momentum space is localized in a region smaller than Q o and the exciton lifetime is essentially the same as that of a free (unlocalized) exciton with near-zero momentum. In a MoS 2 monolayer, Q o ∼ 10 7 1/m. This means that the relevant length scale against which to compare L c is ∼100 nm. The temperature dependence of the exciton radiative lifetime measured in experiments will depend on the nature of localization. If all the excitons are strongly localized, and remain localized as the temperature is increased, then no particular temperature dependence is expected provided L c is small enough such that the exciton energy level spacing in the localization region is larger than the thermal energy otherwise the temperature dependence of the excitons will be the same as that of free excitons 21 . If the excitons are weakly localized and can escape their confinement by gaining thermal energy then the exciton lifetime might at first increase exponentially with temperature and then linearly indicating a growing population of free excitons 22 . The results in Figure 5 are quantitatively valid only if L c is larger than the exciton radius (∼1 nm) otherwise the relative wavefunction of the exciton state would also change as a result of localization -an effect we have ignored.
VI. DISCUSSION AND CONCLUSION
In this paper, we presented radiative lifetimes of excitons and trions in MoS 2 monolayers. The analysis pre-sented here is also applicable to excitons and trions in other metal dichalcogenides. Some caution must be exercised in interpreting the results presented here. First, given the extremely short radiative lifetimes of near-zero momentum free excitons (Figure 1) , the assumption of a thermal ensemble for free excitons may not be relevant to experiments even in the case of clean samples in which the excitons are not strongly localized. It is likely that the average radiative lifetimes of free excitons observed in experiments are determined by the energy relaxation rates of excitons or by assisted processes, such as phonon and impurity scattering, which would provide the momentum necessary for excitons with large in-plane momentum to radiate. Second, as already emphasized earlier in the paper, in the case of localized excitons the short lifetimes in Figure 5 for Q o L c > 0.1 − 0.2 or L c > 10 − 20 nm, may not be observed in experiments as the energy level spacings in such large regions are likely to be small and the excitons could occupy higher energy levels after gaining thermal energy and their ensemble averaged lifetime would then exhibit the characteristics of free excitons. Third, our analysis of the trion radiative lifetimes did not take into account the fact that trions are more likely to form in the first place when the doping density is large and, therefore, experimentally observed trion photoluminescence quantum efficiencies at different doping densities might not reflect the trends in trion lifetimes with doping depicted in Figures 3 and 4 . In fact, a better understanding of the formation dynamics of both excitons and trions would be needed in addition to the results presented here in order to correctly interpret photoluminescence data 23 .
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